Abstract. Let (X, · ) be a separable real Banach space. Let f be a real-valued strongly α(·)-paraconvex function defined on an open convex subset Ω ⊂ X, i.e. such that
Let (X, · ) be a real Banach space. Let f be a real-valued convex continuous function defined on an open convex subset Ω ⊂ X, i.e.
(1) f (tx + (1 − t)y) ≤ tf (x) + (1 − t)f (y).
We recall that a set B ⊂ Ω of second Baire category is called residual if its complement Ω \ B is of the first Baire category. Mazur (1933) proved that if X is separable, then there is a residual subset A G such that f is Gateaux differentiable on A G . In this note we extend this result to larger (than convex Let, as before, (X, · ) be a real Banach space. Let f be a real-valued continuous function defined on an open convex subset Ω ⊂ X. We say that f is α(·)-paraconvex if for all x, y ∈ Ω and 0 ≤ t ≤ 1,
For α(t) = t 2 this definition was introduced in Rolewicz (1979a) and the t 2 -paraconvex functions were called simply paraconvex. In Rolewicz (1979b) the notion was extended to the case of α(t) = t γ , 1 ≤ γ ≤ 2, and the t γ -paraconvex functions were called γ-paraconvex.
We say that f is strongly α(·)-paraconvex if for all x, y ∈ Ω and 0 ≤ t ≤ 1,
Of course every strongly α(·)-paraconvex function is also α(·)/2-paraconvex. The converse is not true and the conditions warranting the existence C α such that each α(·)-paraconvex is strongly C α α(·)-paraconvex can be found in Rolewicz (2000) . In particular the function t γ , 1 < γ ≤ 2, satisfies these conditions.
The notion of α(·)-paraconvex functions can be treated as a uniformization of the notion of approximate convex functions introduced in the papers of Théra (1999), (2000) . We recall that a real-valued function f defined on a convex set Ω ⊂ X is called approximate convex if for any x 0 ∈ Ω and ε > 0 there is δ = δ(ε, x 0 ) such that for x, y with x − x 0 < δ and y − x 0 < δ and 0 ≤ t ≤ 1 we have
We say that a real-valued function f defined on a convex set Ω ⊂ X is called uniformly approximate convex if for any ε > 0 there is δ = δ(ε) such that (5) holds for x, y with x − y < δ.
It is easy to show that a real-valued continuous function f is uniformly approximate convex if and only if there is α(·) satisfying (2) such that f is strongly α(·)-paraconvex (Rolewicz (2001b) ).
We now recall the notion of directional derivative. By the directional derivative of a continuous function f at a point x 0 in direction h we mean the number
It is easy to see that a strongly α(·)-paraconvex function has a directional derivative at any point in any direction (Rolewicz (2005) ). We shall show
e. positively homogeneous and subadditive) function of the direction h.
Proof. Positive homogeneity is trivial. Now we shall show subadditivity. Indeed, since f is α(·)-paraconvex, for h 1 , h 2 ∈ X and sufficiently small t we have
Thus multiplying by 2 and letting t → 0, by (2) and positive homogeneity of d + f | x 0 (h) we get the triangle inequality
It is easy to observe that a sublinear function is linear if and only if it is homogeneous, i.e. p(−h) = −p(h).
Recall that a strongly α(·)-paraconvex function is always locally Lipschitz (Rolewicz (2000) ). Basing on this fact it is not difficult to prove that
Any continuous linear functional Ioffe (1984 Ioffe ( ), (1986 Ioffe ( ), (1989 Ioffe ( ), (1990 , (2000), Mordukhovich (1976 Mordukhovich ( ), (1980 Mordukhovich ( ), (1988 ). The set of all approximate subgradients of f at x 0 will be called the approximate subdifferential of f at x 0 and denoted, as in the classical case, by ∂f | x 0 .
It is easy to see that if ∂f | x 0 consists of one functional, ∂f
* is a continuous linear functional. Since in this case ∂f | x 0 (−h) = −∂f | x 0 (h), the function f has Gateaux differential at x 0 , i.e. the limit lim t→0 (f (x 0 + th) − f (x 0 ))/t exists and is equal to x * (h). A linear functional x * ∈ X * such that
is called a uniform approximate subgradient of f at x with modulus α(·) (or briefly an α(·)-subgradient of f at x). The set of all α(·)-subgradients of f at x will be called the α(·)-subdifferential of f at x and denoted by ∂ α f | x .
The relation between α(·)-subdifferentials and directional subdifferentials for strongly α(·)-paraconvex function is given by Proposition 2 (Rolewicz (2001)). Let Ω be an open convex set in a Banach space X. Let f : Ω → R be a strongly α(·)-paraconvex function. Then its α(·)-subdifferential is equal to the directional subdifferential
As a consequence we obtain: 
Proof of Theorem 4. Let {r n } be a dense set in the unit ball of X. Let A m,n , n, m = 1, 2, . . . , denote the set of x ∈ Ω such that there are
By Corollary 3 and the density of {r n } in the unit ball we see that f is Gateaux differentiable at x 0 if and only x 0 ∈ ∞ n,m=1 A n,m . We shall show that for any n, m the sets A n,m are closed. Indeed, let {x n } be a sequence of elements of A n,m tending to x 0 ∈ Ω. By the definition of 
Thus it is Fréchet differentiable on a residual set (Rolewicz (2002) ). Therefore we obtain a contradiction with the fact that U ⊂ A n,m .
Since the sets A n,m are nowhere dense and closed the function f is Gateaux differentiable on a dense G δ -set.
There are non-separable Banach spaces C(T ) in which the norms are not Gateaux differentiable at any point (Coban and Kenderov (1985) ). Phelps (1989) showed that the function p(x) = lim sup n |x n | defined on the space ℓ ∞ has this property. There is, however, a class of non-separable Banach spaces in which every convex function is Gateaux differentiable on a dense G δ -set. It is the class of weakly compactly generated spaces (Phelps (1989) ). We recall that a Banach space X is weakly compactly generated if there is a weakly compact set K ⊂ X whose linear span is dense in X. Thus there is a natural question: 
